Abstract. We reconsider the stability theory of boundary conditions for the wave equation from the point of view of energy techniques. We study, for the case of the homogeneous half-space, a large class of boundary conditions including the so-called absorbing conditions. We show that the results of strong stability in the sense of Kreiss, studied from the point of view of the modal analysis by Trefethen and Halpern, always correspond to the decay in time of a particular energy. This result leads to the derivation of new estimates for the solution of the associated mixed problem.
Introduction and summary
The theory of the stability of initial boundary value problems for hyperbolic systems underwent an important development at the beginning of the 1970s with the major work of Kreiss [10] . A very interesting review paper of this theory has been recently given by Higdon in [8] .
It appears that the relative complexity of this theory comes from the difficulty of a good definition for the stability or well-posedness of these problems and from the technical character of the proofs. In fact, one can roughly distinguish two kinds of stability definitions, namely -weak well-posedness (or weak stability), -strong well-posedness (or strong stability). Weak well-posedness corresponds to classical well-posedness in the sense of Hadamard, meaning that there is existence and uniqueness of the solution, and that one can estimate some norm (let us say of Sobolev type) of the solution by some norm of the data. This implies, since the equations are linear, that the map data -► solution is continuous for appropriate topologies. In the definition of strong stability, Kreiss prescribes a priori the norms for which he wants to obtain some estimates, which is of course a stronger result.
For instance, if one considers the Cauchy problem where initial conditions are the only data, one requires that the L2-norm (in space and time, including the trace on the boundary) of the solution must be estimated (modulo a constant which may depend on the interval of time [0, T] one considers) by the L2-norm of the initial data: there is no loss of derivatives. On the other hand, the problem is weakly well-posed as soon as one can bound the same L2-norm of the solution by some higher Sobolev norm of the data. We shall give a simple concrete illustration of the distinction between these two notions in this article (see §2.2).
In the case of a half-space in Rd , the two types of stability have been studied for first-order strictly hyperbolic systems with constant coefficients via so-called modal analysis, which means that one uses the Laplace transform in time and a Fourier transform with respect to the variables tangent to the boundary of the half-space. This study leads to the concepts of generalized eigenvalues and characteristic equation, which are extensively discussed in [8] with a geometrical interpretation using characteristic manifolds and group velocities. We shall not enter into the details here. Let us simply mention that the characteristic equation takes the form (LI) F(s,8) = Q, where s £ C is the unknown and 8 belongs to the unit sphere of Rd~x. Once the characteristic equation (1.1), which is a polynomial equation with respect to 5, has been determined, the difficulty is reduced to the location of the solutions of this equation in the complex plane. The case of weakly well-posed problems corresponds to the result of Hersch [5] , while the case of strongly well-posed problems corresponds to the result of Kreiss [10] . These results can be summarized as follows Weak well-posedness •& {solutions of (1.1)} c {Res > 0}, Strong well-posedness •» {solutions of (1.1)} c {Res > 0}.
Otherwise, the corresponding problem is said to be strongly ill-posed. In recent years, the emphasis has been put on strong stability and the works of Kreiss have been generalized to various situations by different authors (see [8, 12] for instance). One reason is probably the fact that this concept has led to an analogous stability theory for finite difference approximations to mixed hyperbolic initial boundary value problems (see [4, 3, 13, 14] ). The other major interest of the concept of strong well-posedness is the fact that Kreiss was unable to prove that the stability results could be extended to smooth variable coefficients and lower-order perturbations. His proof is very complicated and makes use of the theory of symmetrizers and pseudodifferential operators ( [10] ). The precise condition about the variations of the coefficients (which are allowed to vary in space and time) can be stated as follows:
The coefficients are of class C°° with respect to the space and time variables and are asymptotically constant at infinity.
Taking into account the finite velocity of propagation of solutions of hyperbolic systems, the constraint that the coefficients are constant at infinity is not really troublesome. The relative weakness of the result lies more in the fact that one cannot say anything in the case where the coefficients are not smooth. Of course, this is due to the technique of proof, which uses pseudodifferential operators. It is natural to think of other methods, such as energy methods. In most of the systems derived for physical phenomena, one can associate an energy with the solution that can be shown to be conserved in time in the case of pure initial value problem; these are conservative hyperbolic systems ( [2, 16] ). The acoustic wave equation, in which we are particularly interested in this paper, belongs to this category of systems. The study of the stability of the wave equation associated with various boundary conditions has a very important practical interest if one thinks, for instance, of absorbing boundary conditions. In their second paper on the subject, Engquist and Majda [1] applied the theory of Kreiss to show the strong stability of their boundary conditions. More recently, Trefethen and Halpern [ 15] considered a completely general class of boundary conditions for the wave equation and, applying the Kreiss theory, obtained explicit necessary and sufficient criteria (concerning the coefficients of the differential operator appearing in the boundary condition) for the strong well-posedness of the corresponding initial boundary value problem. We shall state their precise results in the next section. In connection with this work, a question naturally arises: is it possible to obtain the same results by energy estimates?
This is the question we intend to address in this paper. In his review [8] , Higdon raised briefly this question and concluded that, if energy techniques fail, this does not mean that the problem is not well-posed but simply that the energy method is not well suited for it.
As far as we know, the only case where the energy method has been shown to work is the case of first-order absorbing boundary condition. In the present paper, we show that appropriate energy methods lead to the stability result for a class of boundary conditions which is almost the same as the one considered by Trefethen and Halpern in [15] . More precisely, we show, for the model problem of the wave equation in the homogeneous two-dimensional half-space, that the strong stability result is connected with the decay in time of some energy associated with the solution. This energy is not necessarily the physical one. By energy, we mean a quadratic form with respect to homogeneous linear differential operators of a given order applied to the solution, which is equal to 0 if and only if the solution u is identically equal to 0, provided it vanishes at infinity. More precisely, we show that, if one considers the problem d2u d2u d2u . m -cW-dx~2-W2=^ ^R,y<0, *>0,
where Bn = Bn( §¡ , j¿, jL) is an appropriate homogeneous differential operator of order N, then strong well-posedness of (1.2) will correspond to the decay in time of an energy involving Nth-order derivatives of the solution. For instance, the physical energy
+ \Vu\¿ dxdy is an energy in our sense for N = 1. The class of differential operators for which our analysis is valid is the subclass of the one considered by Trefethen and Halpern, for which the directions x and -x play the same role, in other words, for which BN = BN( §-t, §-, ^). For larger-dimensional problems, this hypothesis is to be replaced by the invariance of Bn with respect to rotations in the tangential hyperplane; thus BN = BN(f¡, ^ , Ax). We believe that this particular class is the most interesting one for practical applications. For such particular conditions, Higdon [9] observed that the stability analysis essentially reduces to a ID analysis. This remark will also be the starting point of our method.
It seems to us that our new approach to the stability theory of boundary conditions associated with the wave equation has the following two advantages:
(1) It gives new insight into the Kreiss theory applied to the wave equation. Moreover, it leads to results which are stronger than those simply deduced from the direct application of Kreiss's theorem in the sense that (i) it shows that "all" strongly stable boundary conditions are dissipative for an appropriate norm of the solution; (ii) it gives rise to L°°-estimates with respect to time instead of L2-estimates; (iii) these estimates are uniform in time: the constants involved do not depend on time. (2) Such a method, applied to variable coefficients, leads to strong stability results even when these coefficients are not smooth.
It is point ( 1 ) that we develop in the present paper. We shall consider point (2) in a companion paper (part II).
The outline of this article is as follows. In §2, we present the basic ideas of our method applied to rather simple examples of second-order ( §2.2) and third-order ( §2.3) boundary conditions. In each case, we first treat as a model problem the absorbing boundary condition of Engquist and Majda, and then extend the result to more general cases. We have chosen to develop this section for pedagogical reasons since the ideas for the proof in the general case are not so obvious. Section 3 is devoted to a generalization of the results of §2 to general odd-( §3.1) and even-order conditions ( §3.2).
2. Energy estimates for the wave equation in a half-space: low-order boundary conditions As stated in § 1, we consider the wave equation in a 2D homogeneous medium and assume for simplicity that the propagation velocity is equal to 1,
The domain of propagation is the half-space Çl = {(x,y)£M.2, x £R, y<0}, and we shall denote its boundary by T = dQ. The wave equation will be associated with initial conditions u(x,y, 0) = uo(x,y), (2.2) du. m . , inQ, jj(x, y, 0) = ui(x, y), which will be the only data of the problem, and with the boundary condition In this section, we consider the cases where B is of order 1, 2, or 3, to describe the basic principle of our method. The case of first-order condition is simple and classical ( §2.1). For second-order and third-order boundary conditions ( § §2.2 and 2.3) we begin by considering the classical absorbing boundary conditions of Engquist and Majda and show that their stability can be proved by energy methods. Then we consider the cases of more general second-order or third-order differential operators and show that the energy method leads to exactly the same conditions as the ones obtained by directly applying the results of Trefethen and Halpern. For the case of second-order boundary conditions we illustrate in a particular example the difference between strong and weak well-posedness.
The calculations we make in this section are formal. Our goal is to obtain a priori estimates on the solution u, if one assumes that this solution exists, is unique, and is sufficiently regular to justify the technical manipulations we shall be led to do. All this approach can be justified a posteriori by means of techniques of functional analysis. In fact, almost all our computations are based on the following well-known identity: Note that such estimates correspond to a strong stability result in the sense of Kreiss, since first-order derivatives of the solutions can be estimated at a time t by the same derivatives evaluated at t = 0. In fact, the result we obtain here is even stronger than the one one gets by a simple and direct application of the Kreiss theory, since we get here uniform estimates with respect to time (if one uses L2 norms with respect to the space variables) instead of the L2(0, T; L2(0)) estimate given by the Kreiss theory. Moreover, as in the Kreiss theory, we obtain an estimate of the trace of the solution on the boundary (T) since, thanks to (2.5), we have
and also, using the boundary condition,
2.2. Second-order boundary conditions.
2.2.1. The classical condition. We consider now the boundary condition (2.10)
1 d2u = 0, dydt 2dx2 which is known [ 1 ] to lead to a strongly well-posed problem. A natural question is: what form does this well-posedness take if one uses energy techniques instead of normal mode analysis? In fact, it is not clear that with the condition (2.10), the "first-order energy" Ex(u; t) is a decreasing function of time. Nevertheless, we shall see that such a decay occurs for another energy, which will be a "secondorder energy" in the sense of a positive quadratic form involving second-order derivatives of the solution.
To obtain this result, we observe that, because of the fact that only the secondorder derivative in x occurs in the expression of Bu, the boundary condition (2.10) can be rewritten, as soon as the solution we consider is sufficiently regular, only with derivatives with respect to y and t. This was previously observed by Higdon in [9] . By substituting d2u/dt2-d2u/dy2 for d2u/dx2, we obtain
, d2u d2u n + 2dïdy-+ dy-2=0> which we can also write (2.11)
dy2 "dydt' Now let us note that, as we are in the constant-coefficient case, if « is a smooth solution of the wave equation, so are |f and P . Therefore, we can apply (2.4) successively to v = (2.12) to obtain the two following equalities:
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If we add these two equations term by term, it is natural to introduce the following "second-order energy": *<»;<> = ±/n( In this case, E2(u ; t) can be uniformly estimated with the help of ||woIItV2(íí) + llMlllí7i(Q) • This giyes a uniform estimate of all second-order derivatives of u except d2u/dx2, and this last estimate follows from the fact that, because of the wave equation, d2u/dx2 = d2u/dt2 -d2u/dy2 . These estimates enable us to prove the existence of a weak solution (in a sense that we shall make precise in the next section) of (1.2) satisfying (2.15) we W2'°°(0, T ; L2(Q)) n Wx -°°(R+ ; Hx(Çl)) n L°°(R+ ; H2(£l)) if (2.14) holds. Moreover, the estimate
valid for any second-order derivative of u, shows that we have proven a strong stability result (no loss of derivatives). These interior estimates are again completed by L2-type estimates on the boundary. Indeed, from (2.13) we easily deduce (2.17) Jo
This is not the only boundary estimate one can obtain, since for instance (2.10) directly provides an estimate of the quantity d2u/dt2 -\(d2u/dx2). Nevertheless, both a priori estimates (2.16) and (2.17) are sufficient to give a meaning to « as a weak solution of problem (1.2) . (See definition (2.25) in the next subsection.)
Note that for second-order boundary conditions, we need more regularity in the initial data than for a first-order condition, but we also get more regularity in the solution. This is not surprising since the operator B involves higher derivatives. One could wonder how to give a sense to a solution of the same problem when we assume only, for instance, that (ttn, «i) £ Hx(il) x L2(Q), which means that only the first-order energy E(u, t) is finite at / = 0. This should be possible thanks to a duality process, but we shall not examine this point in the present work. Let us see now how this condition appears when one uses energy techniques. Of course, we still can use the two equalities (2.12), which are independent of the boundary condition. Now, instead of summing these two equalities term by term, we multiply the first of them by y -ß and the second by ß and add the two results. We obtain dt where the function E2(u; t) is defined by • u(x, y, t) satisfies (2. We now state our result in the following theorem:
Theorem 2.1. Under the condition (2.21), the initial boundary value problem (2.1), (2.19) is strongly well posed in the sense of Kreiss, and the unique solution satisfies the identity (2.24), which yields the decay in time of the second-order energy E2 defined by (2.23). Moreover, this solution satisfies the a priori estimate sup ||£>qw||l°o(r+;£2(ÍJ)) < C(||«o||ff2(n) + l|Kil|ffi(n))> \a\=2 where the positive constant C depends only on y and ß.
Remark. If one does not look for a strong stability result in the sense of Kreiss but only for a well-posedness result in the sense of Hadamard, it is sufficient to apply the condition of Hersch [5] . In our particular case, this condition implies simply that 7>0, ß>0.
This means that for 0 < y < ß < +c», problem (1.2) is only weakly wellposed. This fact can also be obtained by using energy techniques to get a priori estimates. Indeed, let « be a regular solution of (1.2), and introduce We need now an estimate of the function v of (2.27). This problem can be solved explicitly, using the theory of images for the Dirichlet condition. Then, by a Fourier transform in space, one easily checks that This proves the well-posedness of the initial boundary problem as soon as ß, y > 0. Nevertheless, this result corresponds only to a weak stability result since we lose one order of derivative in our estimates.
2.3. Third-order boundary conditions.
2.3.1. The classical condition. We consider now the classical third-order con-
which is known [9] , at least for smooth solutions, to be equivalent to ( §¡ + §y-)3u = 0, which we can also write
The idea is now to apply the identity (2.4) to the two functions _ dh*_ d2u d2u d2u
Vl~ dt2+ dtdy' V2~dtdy + dy2 which are particular solutions of the wave equation if u is also a solution. Moreover, they have the property that dvi/dy = dv2/dt. We thus have
dt Summing these two equalities leads to
that is, by (2.35), (2.37) l_{E(vi) + E(v2)} = -2J^d 3u d3u dt2dy + dtdy2 dx, which means that the quadratic form E(vi) + E(v2) is a decreasing function of time. Nevertheless, the estimates we can deduce from this fact do not permit us to obtain a strong stability result, since we do not bound all the third-order derivatives of u, but only some linear combinations of them. Therefore, we have to go into the second step of our estimates, which consists in applying the identity (2.4) get a priori estimates of the L2-norms of all the third-order derivatives of u except the ones containing second-or third-order derivatives with respect to x . Analogous estimates for these quantities can be derived from the wave equation, which we differentiate in t, x, and y to obtain
As these estimates are uniform in time, we can write for any linear third-order differential operator (2.43) I|£>3w|Il°°(r+;L2(îî)) < C(\\uo\\m + Il"i||tf0> which establishes the strong stability of the initial boundary value problem ( 1.2) with the boundary condition (2.34).
As in the second-order case, we get L2 -estimates on the boundary T, since from (2.39) we directly obtain that We wish to analyze the stability of this condition using energy techniques. For the sake of simplicity, we shall restrict ourselves to the case y = 1. The extension to the general case can be done without any difficulty. We thus consider the boundary condition
If we refer to Theorem A to analyze the strong stability of (2.48), it is easy to see that, for R(x) = 1 -ßx2/(\ -ax2), we have (i) •» a > 0, ß + a > 0, (ii) <* 0 < j8/(l -or) < 1. Therefore, a necessary and sufficient condition for problem (1.2) to be strongly well-posed is (2.49) a>0, ß>0, 0<a + ß<l.
Our purpose in this section is to show how these conditions naturally arise when one tries to obtain energy estimates, using a method analogous to the one we have used in §2.2.1.
Since the computations are rather lengthy, we present this approach in several steps.
First step. Consider a real number a and the two functions In that case, we havê
dx.
To deduce appropriate a priori estimates on v\ and v2 from (2.55), we have to satisfy
However, this is not sufficient to imply a strong stability result, since the fact that E(v\) and E(v2) are bounded does not lead to uniform estimates of all third-order derivatives of w in the domain Q.. To overcome this difficulty, we also apply our basic identity (2.4) to the function ^3 = d2u/dydt, exactly as in §2.3.1:
,-"* á ír/92«\l f d2u d2u ,
We multiply (2.57) by some S > 0 and add the result to (2.55), which gives d_ dt
dydt2 In order that the right-hand side of (2.58) be a negative quadratic form, we need that X2a(\ -a -ß) -X(\ -a) < 0, but this is not sufficient. Indeed, let us set
We then have
To be able to complete our task, we must find ô' < 0 such that the quadratic form (x + Xay)2 + ô'xy is positive. As the discriminant of this quadratic form is A = a'2 -Xa, we simply have to ensure that A < 0. This implies (2.61) Xa>0, in which case it suffices to take 6' = -\\[Xa, and the coefficient 6 will be strictly positive as soon as
Regrouping all our conditions, we see that if one can find a real number X such that This leads to uniform estimates in time of the L2-norms in space of all the thirdorder derivatives of u except d3u/dtdx2 , d3u/dx2 dy, d3u/dx3. These quantities are easily estimated using the wave equation as in §2.3.1. Finally, if we can find a solution X of (2.63), we get the following interior estimate:
(2.66) I|£>3W|Il°c(R+ ;L2(£i)) < C{||Wo||//3(iî) + ||Wl 11^2(0)} . <C{INIIff*(n) + ll"ill/P(n)}. From a + ß < 1, we deduce that limx_+00 F(x) = +cc . On the other hand, since F(-^g) = -ßa2/(a + ß)3, we can conclude:
(i) If ß > 0, then F(x) admits at least one root in the interval (^j , +oo) (x = 1 is acceptable since ^ < 1 if ß > 0).
(ii) If ß < 0, then ^_ > 1. We remark that
which clearly shows that F(x) > 0 in the interval (^_ ; 4-00). Finally, our method permits us to obtain a strong stability result if and only if (2.74) a>0, ß>0, 0<a + ß < 1, which are exactly the conditions we obtain by applying the Kreiss criterion. We have proved the following result: Theorem 2.2. Under the condition (2.49), the initial boundary value problem (2.1), (2.48) is strongly well posed in the sense ofKreiss, and the unique solution satisfies the identity (2.60), which yields the decay in time of the third-order energy £3 defined by (2.64). Moreover, this solution satisfies the a priori estimate SUP ||£>aM||L°°(R+;L2(n)) < C(llMolltf3(í2) + ll"l ll//2(í2)) , |a|=3 where the positive constant C depends only on y and ß .
It is interesting to note that the equation F(x) = 0, which appears naturally in this approach, is nothing but the "characteristic equation" that one obtains when applying the normal mode analysis. Indeed, looking for generalized eigenvalues in the form Eliminating k2 between these two equations is equivalent to eliminating the x-derivatives in the boundary condition (2.47). We obtain the characteristic equation Our goal in this section is to check that the same result can be obtained (and even improved in some sense) using energy techniques, as we did for the second-order and third-order boundary conditions in § §2.2 and 2.3. For technical reasons we shall divide our analysis into two parts considered separately: (i) Boundary conditions of even order. These correspond to a{ = 0 < a2. We treat these conditions in §3.2. As we shall see, the second-order boundary condition (2.19) treated in §2.2.2 can be considered as a model for these conditions.
(ii) Boundary conditions of odd order. These correspond to ai > 0 and are treated in §3.1. The third-order boundary condition (2.47) is the model for these conditions.
The distinction between these two cases comes from the fact that in the case a i = 0, the operator B2N+i, which is of order 2^+1, is a multiple of §-t, that is, 1?2jv+i = §¡(B2n) ■ Therefore, if we integrate (3.4) once in time (assuming that the initial data vanish on the boundary), our boundary condition can be rewritten B2^u = 0, where now B2x is an operator of order 2A^.
For technical reasons, it seemed more natural to us to first treat the odd conditions. However, in [7] , we have adopted another approach to obtain the same conclusions as here. In particular, a link between the even and the odd conditions is presented in that paper.
3.1. Odd-order boundary conditions. The first step of the analysis is to write a new boundary condition which is equivalent to (3.4) for any smooth solution of the wave equation. For this, it suffices to replace d2/dx2 formally by d2/dt2-d2/dy2 in (3.4) . In this manner, one proves that any C°° function u satisfying (3.4) on the boundary T = dil, together with the wave equation (2.1) in the domain Q also satisfies (3) (4) (5) (6) (7) (8) fik." = A2Vi(^)« = 0.
where the linear differential operator B2N+X is given by (3.9) QkU.
Now, we turn to the derivation of our main energy estimate. We first introduce v = Qu. Applying (2.4) to v leads to
Now, for 1 < k < N, we introduce the functions vk = Qkd2u/dy2 and Wk Qkd2u/dydt and apply (2.4) to vk and wk . We obtain (3.12)
Tt{E{Wk)} = JrQkdJdT2-QkoYdtdx'
We multiply (3.12) by ak and (3.13) by (1 -a*) and add the two resulting equalities. Using the fact that akd2/dy2+(l-ak)d2/dt2 = Pk and that PkQk = Q, we obtain (3.14) j.{akE(vk) + (l-ak)E(wk)} = ^Qk-^-t.^dx. Now we multiply (3.14) by ßk/(\ -ak), sum over k, and add the result to (3.12) multiplied by (y -zZL\ ÄfcA1 -a*)) • This leads to
Using now (3.10), we finally get
where ¿s2jv+i(w) denotes the (2Ar+l)st-order energy
If the conditions (3.7) are satisfied, all the coefficients appearing in E2n+i(u) are strictly positive, and the fact that E2n+i(u) is a decreasing function of time leads to uniform bounds (by C(||woll#2"+i(n) + llMilltf2ÍV(íí))) m tmie of the L2-norms in space of the quantities
Now, let ¿P denote the set of polynomials of two variables, P(s, Ç), which are homogeneous and of degree 2N. The set & is a vector space of dimension 2N + 1, and it is easy to check that it is generated by the 2N + 1 polynomials (3.19) Q(s,c;),s2Qk(s,Z)(l<k<N), sZQk(x,t)(l<k<N). Indeed, any Dau containing at most a first-order derivative with respect to x can be written in the form (3.21). If derivatives of higher order appear, one can reduce to the preceding case by (repeated) use of the wave equation. Estimates (3.22) are nothing but a strong stability result in the sense of Kreiss. Note that we can also derive boundary estimates from (3.17). For instance, (3.17) directly implies that §¿(Qu) can be estimated in L2(R+ ; L2(T)).
Once again, we see that for the (2N + l)st-order boundary condition (3.8), the energy one bounds is a (2N + l)st-order energy, in the sense defined in §1, which means that it involves (2/V + l)st-order derivatives of the solution. This is consistent with the estimates one would obtain directly by an application of the Kreiss theory. Indeed, if one wants to put the initial boundary problem for the wave equation, coupled with condition (3.8), in the form of the first-order systems studied by Kreiss, one has to introduce an unknown vector function U of dimension 2A^ + 1 whose coordinates are (2yV + l)st-order derivatives of the function u . Therefore, the L2-norm in the space of U corresponds to some energy of order 2N + 1 . Let us summarize the results of this section in the following theorem: Theorem 3.1. Under the condition (3.7), the initial boundary value problem (2.1 ), (3.4) is strongly well posed in the sense of Kreiss, and the unique solution satisfies the identity (3.16), which yields the decay in time of the (2N + \)st-order energy E2n+\ defined by (3.17). Moreover, this solution satisfies the a priori estimate SUP ||.DaW||Loo(R+ ;Z,2(Q)) < C(||ttoll#2W+l(íí) + ll"l ll//2JV(í¡)) , \a\=2N+\ where the positive constant C depends only on y, ak, and ßk, 1 < k < N.
3.2. Even-order boundary conditions. As we said before, the even-order boundary conditions correspond to the particular case ai -0, so that the a priori estimates we obtained in §3.1, in particular the decay in time of the (2N+ l)storder E2N+i(u) given by (3.17) is still valid when we take ax = 0. Nevertheless, we prefer to treat the even-order conditions separately because, since condition (3.4) for ai = 0 corresponds to a (2Ar)th-order condition, one can expect the decay in time of a (2A^)th-order energy instead of a (2N + l)st-order one as is E2N+i(u). Moreover, this is more consistent with the definition of strong well-posedness by Kreiss. Therefore, the treatment of the conditions of even order will be slightly different from the one of the conditions of odd order. First we note that, by similar arguments as in §3.1, condition (3.4) is equivalent to (3.23) B*2Nu = B*2N( §-t,^)u = 0
(we have integrated (3.4) once in time, which is possible since «i = 0, and replaced d2/dx2 by d2/dt2 -d2/dy2), where the differential operator B^N is given by (3. Introducing the operators qk = n,_¿i k?k for 2 < k < N, we define the functions vk = d3(qku)/dy2dt and wk = d3(qku)/dt2dy and note that (3.29) and that a4 d2 dt dy -dWT2qkU=dy-2QkU' It is then easy to check that, as in §3.1, (3.34) is equivalent to a strong stability result if the stability conditions (3.7) are satisfied. In fact, it suffices to verify that the 2W operators §-tQi,-^Qi and {(d3/dy2dt)qk, (d3/dydt2)qk, 2<
k < N} generate all the homogeneous differential operators of order 2N -1 with respect to y and t. The details are left to the reader. One finally obtains
